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Abstract
Our subjective percept of motion differs from the actual
velocity on the retina in striking ways that have tradition-
ally been studied by disparate fields. Here, we present
a Bayesian model, as well as new data to support it,
that unifies our understanding of motion perception of
complex objects (“grouping”) with our understanding of
the influence of self-motion on our perception (“flow-
parsing”).

The central (recurring) motif in our hierarchical model
is a prior over velocity consisting of a mixture of both a
delta and a Gaussian centered on zero. This simple mod-
ification of the classic slow speed prior implies a “causal
inference” process over whether the object is stationary
or moving. Applied to multiple visual elements it leads to
a “chunking” of these elements into groups, and groups
of groups, with the goal to make the relative speed of as
many of the elements zero with respect to the group they
are inferred to belong to. As a result, our model infers in-
dividual motion relative to a group, and accounts for any
inferred self-motion based on optic flow.

Preliminary data from two experiments confirm new
predictions of the model.

Keywords: motion perception; causal inference; flow parsing;
hierarchical motion

Introduction
A long line of empirical work has established that our per-
ception of motion is both hierarchical (Johansson, 1950): the
motion of visual elements that the brain infers to belong to a
group of other elements (e.g. an object) are perceived to be
relative to the motion of that object. Such relative perception
can even be nested, e.g. the motion of a part of an object is
perceived to be relative to the motion of an object that itself is
perceived to move relatively to an even larger group of objects.
Gershman and colleagues recently proposed a hierarchical
Bayesian model that can correctly infer both groupings of vi-
sual elements and the perceived relative motion (Gershman,
Tenenbaum, & Jäkel, 2016). In our work we modify and extend
Gershman’s model in two key ways. First, we reformulate it in
a way that replaces its ad-hoc simplicity prior based on a Chi-
nese restaurant process by a slow-speed mixture prior that is
justified by the statistics of natural inputs. Second, we extend
it to account for self-motion and vestibular inputs and thereby
enable it to account for a large body of data describing hu-
man motion perception in the presence of optic flow (Warren
& Rushton, 2009).

Central Model Motif for Motion Perception

Model Description: First consider the case of an object that
is part of a larger object (“group”) moving in the world. In or-
der to determine the velocity of this object (~vobject), the subject
has two sources of information: (a) The observed velocity of
the object as manifested on its retina (~oobject). And (b) the pre-
dicted velocity of the object based on knowledge of the larger
object that it belongs to (“group”) having velocity (~vgroup). We
hypothesize that the subject combines these two sources of
information by performing inference in the generative model in
Figure 1A. In this generative model, the object velocity (~vobject)
is modeled as a sum of the group the object belongs to (~vgroup)
and the object’s velocity relative to the group (~vobject

group ) with
some uncertainty associated with approximate computations
(Σestimation). Eg: the velocity of a person moving on a train
is the velocity of the train and the person’s velocity relative to
the train. The observed object velocity (~oobject) is modeled as
~vobject corrupted with visual sensory noise (Σestimation). The
prior velocities for~vgroup and~vobject

group are modeled as mixture of
a delta at 0 and a normal distribution with mean 0 and vari-
ance Σprior illustrated in Figure 1B. We hypothesize that the
subject perceives the object velocity as the inferred ~vobject

group if
it is non-zero, i.e. the object moves relative to the group else
perceives it as the inferred group velocity (~vgroup).

Link to slow speed prior: The mixture prior used in our
model is different from the traditional slow-speed prior (Gaus-
sian centered on zero) used in earlier studies (Stocker & Si-
moncelli, 2006). We believe that this form of mixture better
describes the statistics of the outside world, and hence the
brain’s expectations over velocities in the world since a sub-
stantial fraction of objects in the world are actually stationary,
while a Gaussian prior without the delta at zero would predict
that almost all objects move with some non-zero velocity.

Causal Inference: The delta component of the prior allows
the model to group different motion elements into a hierarchy
of motion groups. The reason is that multiple points moving
with similar velocity have a higher likelihood under the model
of being part of an object which moves with that velocity in-
stead of being separate elements with non-zero velocity each.
It is straightforward to show that this process of grouping fol-
lows a causal inference mechanism analog to that previously
proposed for multi-sensory inference (Körding et al., 2007). In
our model, the mixture prior allows the subject to infer which
group an object belongs to and to infer the velocity of the ob-
ject relative to that group.

Complex Motion Perception: This motif can be recur-
sively extended to model the motion perception at different hi-
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erarchical levels from simple “dot” elements to groups of dots,
groups of dots to supergroups of groups and so on (Figure
1C). Furthermore, it is straightforward to extend this model to
incorporate self-motion (Figure 1C left) the prior over which
we again model as a mixture of a delta at zero and a Gaus-
sian. This choice again implies a causal inference process
over whether the subject is stationary or not, mathematically
equivalent to that recently proposed by (Dokka, Park, Jansen,
DeAngelis, & Angelaki, 2019). In the next sections, we adapt
this general model to predict the motion perception of complex
objects and motion perception under perceived self motion for
two specific experiments designed to test its novel elements:
the mixture prior implying causal inference, and the combina-
tion with self-motion.
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supergroups: m = 1..M
<latexit sha1_base64="fn+K6AbjGTr3fh0sD7f+qdCvDJ4=">AAACBHicbZC7SgNBFIZn4y3G26plmsEoWIVdERRBCNjYCBHMBZIlzE5OkiGzF2bOimFJYeOr2FgoYutD2Pk2TpItNPGHgY//nMOZ8/uxFBod59vKLS2vrK7l1wsbm1vbO/buXl1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT84dWk3rgHpUUU3uEoBi9g/VD0BGdorI5dbCM8YKqTGFRfRUmsL+iYBpduuXzTsUtO2ZmKLoKbQYlkqnbsr3Y34kkAIXLJtG65ToxeyhQKLmFcaCcaYsaHrA8tgyELQHvp9IgxPTJOl/YiZV6IdOr+nkhZoPUo8E1nwHCg52sT879aK8HeuZeKME4QQj5b1EskxYhOEqFdoYCjHBlgXAnzV8oHTDGOJreCCcGdP3kR6idl1/DtaalymMWRJ0VyQI6JS85IhVyTKqkRTh7JM3klb9aT9WK9Wx+z1pyVzeyTP7I+fwD0WZeB</latexit><latexit sha1_base64="fn+K6AbjGTr3fh0sD7f+qdCvDJ4=">AAACBHicbZC7SgNBFIZn4y3G26plmsEoWIVdERRBCNjYCBHMBZIlzE5OkiGzF2bOimFJYeOr2FgoYutD2Pk2TpItNPGHgY//nMOZ8/uxFBod59vKLS2vrK7l1wsbm1vbO/buXl1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT84dWk3rgHpUUU3uEoBi9g/VD0BGdorI5dbCM8YKqTGFRfRUmsL+iYBpduuXzTsUtO2ZmKLoKbQYlkqnbsr3Y34kkAIXLJtG65ToxeyhQKLmFcaCcaYsaHrA8tgyELQHvp9IgxPTJOl/YiZV6IdOr+nkhZoPUo8E1nwHCg52sT879aK8HeuZeKME4QQj5b1EskxYhOEqFdoYCjHBlgXAnzV8oHTDGOJreCCcGdP3kR6idl1/DtaalymMWRJ0VyQI6JS85IhVyTKqkRTh7JM3klb9aT9WK9Wx+z1pyVzeyTP7I+fwD0WZeB</latexit><latexit sha1_base64="fn+K6AbjGTr3fh0sD7f+qdCvDJ4=">AAACBHicbZC7SgNBFIZn4y3G26plmsEoWIVdERRBCNjYCBHMBZIlzE5OkiGzF2bOimFJYeOr2FgoYutD2Pk2TpItNPGHgY//nMOZ8/uxFBod59vKLS2vrK7l1wsbm1vbO/buXl1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT84dWk3rgHpUUU3uEoBi9g/VD0BGdorI5dbCM8YKqTGFRfRUmsL+iYBpduuXzTsUtO2ZmKLoKbQYlkqnbsr3Y34kkAIXLJtG65ToxeyhQKLmFcaCcaYsaHrA8tgyELQHvp9IgxPTJOl/YiZV6IdOr+nkhZoPUo8E1nwHCg52sT879aK8HeuZeKME4QQj5b1EskxYhOEqFdoYCjHBlgXAnzV8oHTDGOJreCCcGdP3kR6idl1/DtaalymMWRJ0VyQI6JS85IhVyTKqkRTh7JM3klb9aT9WK9Wx+z1pyVzeyTP7I+fwD0WZeB</latexit><latexit sha1_base64="fn+K6AbjGTr3fh0sD7f+qdCvDJ4=">AAACBHicbZC7SgNBFIZn4y3G26plmsEoWIVdERRBCNjYCBHMBZIlzE5OkiGzF2bOimFJYeOr2FgoYutD2Pk2TpItNPGHgY//nMOZ8/uxFBod59vKLS2vrK7l1wsbm1vbO/buXl1HieJQ45GMVNNnGqQIoYYCJTRjBSzwJTT84dWk3rgHpUUU3uEoBi9g/VD0BGdorI5dbCM8YKqTGFRfRUmsL+iYBpduuXzTsUtO2ZmKLoKbQYlkqnbsr3Y34kkAIXLJtG65ToxeyhQKLmFcaCcaYsaHrA8tgyELQHvp9IgxPTJOl/YiZV6IdOr+nkhZoPUo8E1nwHCg52sT879aK8HeuZeKME4QQj5b1EskxYhOEqFdoYCjHBlgXAnzV8oHTDGOJreCCcGdP3kR6idl1/DtaalymMWRJ0VyQI6JS85IhVyTKqkRTh7JM3klb9aT9WK9Wx+z1pyVzeyTP7I+fwD0WZeB</latexit>

~o dot,k
retina

<latexit sha1_base64="ZkP3u3izB7nWw/QQbYywqE4uz3I=">AAACDnicbZDLSgMxFIYz3q23qks3wVJwUcqMCLosuHGpYC/QqSWTnrahmWRIzhTKME/gxldx40IRt67d+Taml4W3HwJf/nMOyfmjRAqLvv/pLS2vrK6tb2wWtrZ3dveK+wcNq1PDoc611KYVMQtSKKijQAmtxACLIwnNaHQ5rTfHYKzQ6hYnCXRiNlCiLzhDZ3WL5XAMPNP5XZaFJg4rtKexktNR3p3eqQEUiuXdYsmv+jPRvxAsoEQWuu4WP8Ke5mkMCrlk1rYDP8FOxgwKLiEvhKmFhPERG0DboWIx2E42WyenZef0aF8bdxTSmft9ImOxtZM4cp0xw6H9XZua/9XaKfYvOplQSYqg+PyhfiopajrNhvaEAY5y4oBxI9xfKR8ywzi6BAsuhOD3yn+hcVoNHN+clWqVRRwb5IgckxMSkHNSI1fkmtQJJ/fkkTyTF+/Be/Jevbd565K3mDkkP+S9fwGwh5xs</latexit><latexit sha1_base64="ZkP3u3izB7nWw/QQbYywqE4uz3I=">AAACDnicbZDLSgMxFIYz3q23qks3wVJwUcqMCLosuHGpYC/QqSWTnrahmWRIzhTKME/gxldx40IRt67d+Taml4W3HwJf/nMOyfmjRAqLvv/pLS2vrK6tb2wWtrZ3dveK+wcNq1PDoc611KYVMQtSKKijQAmtxACLIwnNaHQ5rTfHYKzQ6hYnCXRiNlCiLzhDZ3WL5XAMPNP5XZaFJg4rtKexktNR3p3eqQEUiuXdYsmv+jPRvxAsoEQWuu4WP8Ke5mkMCrlk1rYDP8FOxgwKLiEvhKmFhPERG0DboWIx2E42WyenZef0aF8bdxTSmft9ImOxtZM4cp0xw6H9XZua/9XaKfYvOplQSYqg+PyhfiopajrNhvaEAY5y4oBxI9xfKR8ywzi6BAsuhOD3yn+hcVoNHN+clWqVRRwb5IgckxMSkHNSI1fkmtQJJ/fkkTyTF+/Be/Jevbd565K3mDkkP+S9fwGwh5xs</latexit><latexit sha1_base64="ZkP3u3izB7nWw/QQbYywqE4uz3I=">AAACDnicbZDLSgMxFIYz3q23qks3wVJwUcqMCLosuHGpYC/QqSWTnrahmWRIzhTKME/gxldx40IRt67d+Taml4W3HwJf/nMOyfmjRAqLvv/pLS2vrK6tb2wWtrZ3dveK+wcNq1PDoc611KYVMQtSKKijQAmtxACLIwnNaHQ5rTfHYKzQ6hYnCXRiNlCiLzhDZ3WL5XAMPNP5XZaFJg4rtKexktNR3p3eqQEUiuXdYsmv+jPRvxAsoEQWuu4WP8Ke5mkMCrlk1rYDP8FOxgwKLiEvhKmFhPERG0DboWIx2E42WyenZef0aF8bdxTSmft9ImOxtZM4cp0xw6H9XZua/9XaKfYvOplQSYqg+PyhfiopajrNhvaEAY5y4oBxI9xfKR8ywzi6BAsuhOD3yn+hcVoNHN+clWqVRRwb5IgckxMSkHNSI1fkmtQJJ/fkkTyTF+/Be/Jevbd565K3mDkkP+S9fwGwh5xs</latexit><latexit sha1_base64="ZkP3u3izB7nWw/QQbYywqE4uz3I=">AAACDnicbZDLSgMxFIYz3q23qks3wVJwUcqMCLosuHGpYC/QqSWTnrahmWRIzhTKME/gxldx40IRt67d+Taml4W3HwJf/nMOyfmjRAqLvv/pLS2vrK6tb2wWtrZ3dveK+wcNq1PDoc611KYVMQtSKKijQAmtxACLIwnNaHQ5rTfHYKzQ6hYnCXRiNlCiLzhDZ3WL5XAMPNP5XZaFJg4rtKexktNR3p3eqQEUiuXdYsmv+jPRvxAsoEQWuu4WP8Ke5mkMCrlk1rYDP8FOxgwKLiEvhKmFhPERG0DboWIx2E42WyenZef0aF8bdxTSmft9ImOxtZM4cp0xw6H9XZua/9XaKfYvOplQSYqg+PyhfiopajrNhvaEAY5y4oBxI9xfKR8ywzi6BAsuhOD3yn+hcVoNHN+clWqVRRwb5IgckxMSkHNSI1fkmtQJJ/fkkTyTF+/Be/Jevbd565K3mDkkP+S9fwGwh5xs</latexit>

· · ·<latexit sha1_base64="dtdQ0kWbb3rBVgnkAUd8cm07gGE=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsggspMyLosuDGZQV7gXYomUymDc0kQ5IR6tAnceNCEbc+ijvfxrQdUFsPJHz8/znk5A9TzrTxvC+ntLa+sblV3q7s7O7tV92Dw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOL6Z+Z0HqjST4t5MUhokeChYzAg2Vhq41T6JpPm5Bm7Nq3vzQqvgF1CDopoD97MfSZIlVBjCsdY930tNkGNlGOF0WulnmqaYjPGQ9iwKnFAd5PPFp+jUKhGKpbJHGDRXf0/kONF6koS2M8FmpJe9mfif18tMfB3kTKSZoYIsHoozjoxEsxRQxBQlhk8sYKKY3RWREVaYGJtVxYbgL395FdoXdd/y3WWtcV7EUYZjOIEz8OEKGnALTWgBgQye4AVenUfn2Xlz3hetJaeYOYI/5Xx8AwRmkz0=</latexit><latexit sha1_base64="dtdQ0kWbb3rBVgnkAUd8cm07gGE=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsggspMyLosuDGZQV7gXYomUymDc0kQ5IR6tAnceNCEbc+ijvfxrQdUFsPJHz8/znk5A9TzrTxvC+ntLa+sblV3q7s7O7tV92Dw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOL6Z+Z0HqjST4t5MUhokeChYzAg2Vhq41T6JpPm5Bm7Nq3vzQqvgF1CDopoD97MfSZIlVBjCsdY930tNkGNlGOF0WulnmqaYjPGQ9iwKnFAd5PPFp+jUKhGKpbJHGDRXf0/kONF6koS2M8FmpJe9mfif18tMfB3kTKSZoYIsHoozjoxEsxRQxBQlhk8sYKKY3RWREVaYGJtVxYbgL395FdoXdd/y3WWtcV7EUYZjOIEz8OEKGnALTWgBgQye4AVenUfn2Xlz3hetJaeYOYI/5Xx8AwRmkz0=</latexit><latexit sha1_base64="dtdQ0kWbb3rBVgnkAUd8cm07gGE=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsggspMyLosuDGZQV7gXYomUymDc0kQ5IR6tAnceNCEbc+ijvfxrQdUFsPJHz8/znk5A9TzrTxvC+ntLa+sblV3q7s7O7tV92Dw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOL6Z+Z0HqjST4t5MUhokeChYzAg2Vhq41T6JpPm5Bm7Nq3vzQqvgF1CDopoD97MfSZIlVBjCsdY930tNkGNlGOF0WulnmqaYjPGQ9iwKnFAd5PPFp+jUKhGKpbJHGDRXf0/kONF6koS2M8FmpJe9mfif18tMfB3kTKSZoYIsHoozjoxEsxRQxBQlhk8sYKKY3RWREVaYGJtVxYbgL395FdoXdd/y3WWtcV7EUYZjOIEz8OEKGnALTWgBgQye4AVenUfn2Xlz3hetJaeYOYI/5Xx8AwRmkz0=</latexit><latexit sha1_base64="dtdQ0kWbb3rBVgnkAUd8cm07gGE=">AAAB+HicbZDLSgMxFIbP1Futl466dBMsggspMyLosuDGZQV7gXYomUymDc0kQ5IR6tAnceNCEbc+ijvfxrQdUFsPJHz8/znk5A9TzrTxvC+ntLa+sblV3q7s7O7tV92Dw7aWmSK0RSSXqhtiTTkTtGWY4bSbKoqTkNNOOL6Z+Z0HqjST4t5MUhokeChYzAg2Vhq41T6JpPm5Bm7Nq3vzQqvgF1CDopoD97MfSZIlVBjCsdY930tNkGNlGOF0WulnmqaYjPGQ9iwKnFAd5PPFp+jUKhGKpbJHGDRXf0/kONF6koS2M8FmpJe9mfif18tMfB3kTKSZoYIsHoozjoxEsxRQxBQlhk8sYKKY3RWREVaYGJtVxYbgL395FdoXdd/y3WWtcV7EUYZjOIEz8OEKGnALTWgBgQye4AVenUfn2Xlz3hetJaeYOYI/5Xx8AwRmkz0=</latexit>

groups: n = 1..Nm
<latexit sha1_base64="aVFt3f46VXQQcWL+4aAy3cvSjuE=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBVclEUERhIIbV1LBXqANYTKdtEMnkzBzIpZQN76KGxeKuPUt3Pk2TtsstPWHgY//nMOZ8weJ4Boc59sqLCwuLa8UV0tr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15v3TGkeyzsYJsyLSE/ykFMCxvLtvQ6wB8h6Kk4TfYFHWF66lcqNH/l22ak4E+F5cHMoo1w13/7qdGOaRkwCFUTrtusk4GVEAaeCjUqdVLOE0AHpsbZBSSKmvWxywQgfGaeLw1iZJwFP3N8TGYm0HkaB6YwI9PVsbWz+V2unEJ57GZdJCkzS6aIwFRhiPI4Dd7liFMTQAKGKm79i2ieKUDChlUwI7uzJ89A4qbiGb0/L1cM8jiLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MW0tWPnMLvoj6/MHSQiWAg==</latexit><latexit sha1_base64="aVFt3f46VXQQcWL+4aAy3cvSjuE=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBVclEUERhIIbV1LBXqANYTKdtEMnkzBzIpZQN76KGxeKuPUt3Pk2TtsstPWHgY//nMOZ8weJ4Boc59sqLCwuLa8UV0tr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15v3TGkeyzsYJsyLSE/ykFMCxvLtvQ6wB8h6Kk4TfYFHWF66lcqNH/l22ak4E+F5cHMoo1w13/7qdGOaRkwCFUTrtusk4GVEAaeCjUqdVLOE0AHpsbZBSSKmvWxywQgfGaeLw1iZJwFP3N8TGYm0HkaB6YwI9PVsbWz+V2unEJ57GZdJCkzS6aIwFRhiPI4Dd7liFMTQAKGKm79i2ieKUDChlUwI7uzJ89A4qbiGb0/L1cM8jiLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MW0tWPnMLvoj6/MHSQiWAg==</latexit><latexit sha1_base64="aVFt3f46VXQQcWL+4aAy3cvSjuE=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBVclEUERhIIbV1LBXqANYTKdtEMnkzBzIpZQN76KGxeKuPUt3Pk2TtsstPWHgY//nMOZ8weJ4Boc59sqLCwuLa8UV0tr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15v3TGkeyzsYJsyLSE/ykFMCxvLtvQ6wB8h6Kk4TfYFHWF66lcqNH/l22ak4E+F5cHMoo1w13/7qdGOaRkwCFUTrtusk4GVEAaeCjUqdVLOE0AHpsbZBSSKmvWxywQgfGaeLw1iZJwFP3N8TGYm0HkaB6YwI9PVsbWz+V2unEJ57GZdJCkzS6aIwFRhiPI4Dd7liFMTQAKGKm79i2ieKUDChlUwI7uzJ89A4qbiGb0/L1cM8jiLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MW0tWPnMLvoj6/MHSQiWAg==</latexit><latexit sha1_base64="aVFt3f46VXQQcWL+4aAy3cvSjuE=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBVclEUERhIIbV1LBXqANYTKdtEMnkzBzIpZQN76KGxeKuPUt3Pk2TtsstPWHgY//nMOZ8weJ4Boc59sqLCwuLa8UV0tr6xubW/b2TkPHqaKsTmMRq1ZANBNcsjpwEKyVKEaiQLBmMLga15v3TGkeyzsYJsyLSE/ykFMCxvLtvQ6wB8h6Kk4TfYFHWF66lcqNH/l22ak4E+F5cHMoo1w13/7qdGOaRkwCFUTrtusk4GVEAaeCjUqdVLOE0AHpsbZBSSKmvWxywQgfGaeLw1iZJwFP3N8TGYm0HkaB6YwI9PVsbWz+V2unEJ57GZdJCkzS6aIwFRhiPI4Dd7liFMTQAKGKm79i2ieKUDChlUwI7uzJ89A4qbiGb0/L1cM8jiLaRwfoGLnoDFXRNaqhOqLoET2jV/RmPVkv1rv1MW0tWPnMLvoj6/MHSQiWAg==</latexit>

~vself<latexit sha1_base64="PsWujhhLH78+vbMwCuhlvWdd9lI=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuJCSiKDLghuXFewFmhAm05N26EwSZibFEvIqblwo4tYXcefbOG2z0NYDAx//f87MmT9MOVPacb6tysbm1vZOdbe2t39weGQf17sqySSFDk14IvshUcBZDB3NNId+KoGIkEMvnNzN/d4UpGJJ/KhnKfiCjGIWMUq0kQK77k2B5tMiyD0psLknKgK74TSdReF1cEtooLLagf3lDROaCYg15USpgeuk2s+J1IxyKGpepiAldEJGMDAYEwHKzxe7F/jcKEMcJdKcWOOF+nsiJ0KpmQhNpyB6rFa9ufifN8h0dOvnLE4zDTFdPhRlHOsEz4PAQyaBaj4zQKhkZldMx0QSqk1cNROCu/rldeheNV3DD9eN1mUZRxWdojN0gVx0g1roHrVRB1H0hJ7RK3qzCuvFerc+lq0Vq5w5QX/K+vwBicqUrQ==</latexit><latexit sha1_base64="PsWujhhLH78+vbMwCuhlvWdd9lI=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuJCSiKDLghuXFewFmhAm05N26EwSZibFEvIqblwo4tYXcefbOG2z0NYDAx//f87MmT9MOVPacb6tysbm1vZOdbe2t39weGQf17sqySSFDk14IvshUcBZDB3NNId+KoGIkEMvnNzN/d4UpGJJ/KhnKfiCjGIWMUq0kQK77k2B5tMiyD0psLknKgK74TSdReF1cEtooLLagf3lDROaCYg15USpgeuk2s+J1IxyKGpepiAldEJGMDAYEwHKzxe7F/jcKEMcJdKcWOOF+nsiJ0KpmQhNpyB6rFa9ufifN8h0dOvnLE4zDTFdPhRlHOsEz4PAQyaBaj4zQKhkZldMx0QSqk1cNROCu/rldeheNV3DD9eN1mUZRxWdojN0gVx0g1roHrVRB1H0hJ7RK3qzCuvFerc+lq0Vq5w5QX/K+vwBicqUrQ==</latexit><latexit sha1_base64="PsWujhhLH78+vbMwCuhlvWdd9lI=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuJCSiKDLghuXFewFmhAm05N26EwSZibFEvIqblwo4tYXcefbOG2z0NYDAx//f87MmT9MOVPacb6tysbm1vZOdbe2t39weGQf17sqySSFDk14IvshUcBZDB3NNId+KoGIkEMvnNzN/d4UpGJJ/KhnKfiCjGIWMUq0kQK77k2B5tMiyD0psLknKgK74TSdReF1cEtooLLagf3lDROaCYg15USpgeuk2s+J1IxyKGpepiAldEJGMDAYEwHKzxe7F/jcKEMcJdKcWOOF+nsiJ0KpmQhNpyB6rFa9ufifN8h0dOvnLE4zDTFdPhRlHOsEz4PAQyaBaj4zQKhkZldMx0QSqk1cNROCu/rldeheNV3DD9eN1mUZRxWdojN0gVx0g1roHrVRB1H0hJ7RK3qzCuvFerc+lq0Vq5w5QX/K+vwBicqUrQ==</latexit><latexit sha1_base64="PsWujhhLH78+vbMwCuhlvWdd9lI=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuJCSiKDLghuXFewFmhAm05N26EwSZibFEvIqblwo4tYXcefbOG2z0NYDAx//f87MmT9MOVPacb6tysbm1vZOdbe2t39weGQf17sqySSFDk14IvshUcBZDB3NNId+KoGIkEMvnNzN/d4UpGJJ/KhnKfiCjGIWMUq0kQK77k2B5tMiyD0psLknKgK74TSdReF1cEtooLLagf3lDROaCYg15USpgeuk2s+J1IxyKGpepiAldEJGMDAYEwHKzxe7F/jcKEMcJdKcWOOF+nsiJ0KpmQhNpyB6rFa9ufifN8h0dOvnLE4zDTFdPhRlHOsEz4PAQyaBaj4zQKhkZldMx0QSqk1cNROCu/rldeheNV3DD9eN1mUZRxWdojN0gVx0g1roHrVRB1H0hJ7RK3qzCuvFerc+lq0Vq5w5QX/K+vwBicqUrQ==</latexit>

dots: k = 1..Km,n
<latexit sha1_base64="ycwjCTcf23Ytn4oSFOY/OsAxbDI=">AAACA3icbZDLSsNAFIYn9VbrLepON4NVcCElEUERhIIbwU0Fe4E2lMlk0g6dTMLMiVhCwI2v4saFIm59CXe+jdPLQqs/DHz85xzOnN9PBNfgOF9WYW5+YXGpuFxaWV1b37A3txo6ThVldRqLWLV8opngktWBg2CtRDES+YI1/cHlqN68Y0rzWN7CMGFeRHqSh5wSMFbX3ukAu4csiEGf4xwPLtxK5bqbRUcy79plp+KMhf+CO4UymqrWtT87QUzTiEmggmjddp0EvIwo4FSwvNRJNUsIHZAeaxuUJGLay8Y35PjAOAEOY2WeBDx2f05kJNJ6GPmmMyLQ17O1kflfrZ1CeOZlXCYpMEkni8JUYIjxKBAccMUoiKEBQhU3f8W0TxShYGIrmRDc2ZP/QuO44hq+OSlX96dxFNEu2kOHyEWnqIquUA3VEUUP6Am9oFfr0Xq23qz3SWvBms5so1+yPr4Bm62WvA==</latexit><latexit sha1_base64="ycwjCTcf23Ytn4oSFOY/OsAxbDI=">AAACA3icbZDLSsNAFIYn9VbrLepON4NVcCElEUERhIIbwU0Fe4E2lMlk0g6dTMLMiVhCwI2v4saFIm59CXe+jdPLQqs/DHz85xzOnN9PBNfgOF9WYW5+YXGpuFxaWV1b37A3txo6ThVldRqLWLV8opngktWBg2CtRDES+YI1/cHlqN68Y0rzWN7CMGFeRHqSh5wSMFbX3ukAu4csiEGf4xwPLtxK5bqbRUcy79plp+KMhf+CO4UymqrWtT87QUzTiEmggmjddp0EvIwo4FSwvNRJNUsIHZAeaxuUJGLay8Y35PjAOAEOY2WeBDx2f05kJNJ6GPmmMyLQ17O1kflfrZ1CeOZlXCYpMEkni8JUYIjxKBAccMUoiKEBQhU3f8W0TxShYGIrmRDc2ZP/QuO44hq+OSlX96dxFNEu2kOHyEWnqIquUA3VEUUP6Am9oFfr0Xq23qz3SWvBms5so1+yPr4Bm62WvA==</latexit><latexit sha1_base64="ycwjCTcf23Ytn4oSFOY/OsAxbDI=">AAACA3icbZDLSsNAFIYn9VbrLepON4NVcCElEUERhIIbwU0Fe4E2lMlk0g6dTMLMiVhCwI2v4saFIm59CXe+jdPLQqs/DHz85xzOnN9PBNfgOF9WYW5+YXGpuFxaWV1b37A3txo6ThVldRqLWLV8opngktWBg2CtRDES+YI1/cHlqN68Y0rzWN7CMGFeRHqSh5wSMFbX3ukAu4csiEGf4xwPLtxK5bqbRUcy79plp+KMhf+CO4UymqrWtT87QUzTiEmggmjddp0EvIwo4FSwvNRJNUsIHZAeaxuUJGLay8Y35PjAOAEOY2WeBDx2f05kJNJ6GPmmMyLQ17O1kflfrZ1CeOZlXCYpMEkni8JUYIjxKBAccMUoiKEBQhU3f8W0TxShYGIrmRDc2ZP/QuO44hq+OSlX96dxFNEu2kOHyEWnqIquUA3VEUUP6Am9oFfr0Xq23qz3SWvBms5so1+yPr4Bm62WvA==</latexit><latexit sha1_base64="ycwjCTcf23Ytn4oSFOY/OsAxbDI=">AAACA3icbZDLSsNAFIYn9VbrLepON4NVcCElEUERhIIbwU0Fe4E2lMlk0g6dTMLMiVhCwI2v4saFIm59CXe+jdPLQqs/DHz85xzOnN9PBNfgOF9WYW5+YXGpuFxaWV1b37A3txo6ThVldRqLWLV8opngktWBg2CtRDES+YI1/cHlqN68Y0rzWN7CMGFeRHqSh5wSMFbX3ukAu4csiEGf4xwPLtxK5bqbRUcy79plp+KMhf+CO4UymqrWtT87QUzTiEmggmjddp0EvIwo4FSwvNRJNUsIHZAeaxuUJGLay8Y35PjAOAEOY2WeBDx2f05kJNJ6GPmmMyLQ17O1kflfrZ1CeOZlXCYpMEkni8JUYIjxKBAccMUoiKEBQhU3f8W0TxShYGIrmRDc2ZP/QuO44hq+OSlX96dxFNEu2kOHyEWnqIquUA3VEUUP6Am9oFfr0Xq23qz3SWvBms5so1+yPr4Bm62WvA==</latexit>

~v dot,k
retina

<latexit sha1_base64="JI965WJ1NxSWNREavj/4QnA3N4o=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCi1JmRNBlwY3LCvYCnVoy6WkbmskMyZlCGeYJ3Pgqblwo4ta1O9/G9LLQ1h8CX/5zDsn5g1gKg6777aytb2xubed28rt7+weHhaPjhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPRzbTeHIM2IlL3OImhE7KBEn3BGVqrWyj5Y+DpOHtIU1+Hfpn2IixndJR1p3eqAYViWbdQdCvuTHQVvAUUyUK1buHL70U8CUEhl8yYtufG2EmZRsElZHk/MRAzPmIDaFtULATTSWfrZLRknR7tR9oehXTm/p5IWWjMJAxsZ8hwaJZrU/O/WjvB/nUnFSpOEBSfP9RPJMWITrOhPaGBo5xYYFwL+1fKh0wzjjbBvA3BW155FRoXFc/y3WWxWl7EkSOn5IycE49ckSq5JTVSJ5w8kmfySt6cJ+fFeXc+5q1rzmLmhPyR8/kDu/yccw==</latexit><latexit sha1_base64="JI965WJ1NxSWNREavj/4QnA3N4o=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCi1JmRNBlwY3LCvYCnVoy6WkbmskMyZlCGeYJ3Pgqblwo4ta1O9/G9LLQ1h8CX/5zDsn5g1gKg6777aytb2xubed28rt7+weHhaPjhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPRzbTeHIM2IlL3OImhE7KBEn3BGVqrWyj5Y+DpOHtIU1+Hfpn2IixndJR1p3eqAYViWbdQdCvuTHQVvAUUyUK1buHL70U8CUEhl8yYtufG2EmZRsElZHk/MRAzPmIDaFtULATTSWfrZLRknR7tR9oehXTm/p5IWWjMJAxsZ8hwaJZrU/O/WjvB/nUnFSpOEBSfP9RPJMWITrOhPaGBo5xYYFwL+1fKh0wzjjbBvA3BW155FRoXFc/y3WWxWl7EkSOn5IycE49ckSq5JTVSJ5w8kmfySt6cJ+fFeXc+5q1rzmLmhPyR8/kDu/yccw==</latexit><latexit sha1_base64="JI965WJ1NxSWNREavj/4QnA3N4o=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCi1JmRNBlwY3LCvYCnVoy6WkbmskMyZlCGeYJ3Pgqblwo4ta1O9/G9LLQ1h8CX/5zDsn5g1gKg6777aytb2xubed28rt7+weHhaPjhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPRzbTeHIM2IlL3OImhE7KBEn3BGVqrWyj5Y+DpOHtIU1+Hfpn2IixndJR1p3eqAYViWbdQdCvuTHQVvAUUyUK1buHL70U8CUEhl8yYtufG2EmZRsElZHk/MRAzPmIDaFtULATTSWfrZLRknR7tR9oehXTm/p5IWWjMJAxsZ8hwaJZrU/O/WjvB/nUnFSpOEBSfP9RPJMWITrOhPaGBo5xYYFwL+1fKh0wzjjbBvA3BW155FRoXFc/y3WWxWl7EkSOn5IycE49ckSq5JTVSJ5w8kmfySt6cJ+fFeXc+5q1rzmLmhPyR8/kDu/yccw==</latexit><latexit sha1_base64="JI965WJ1NxSWNREavj/4QnA3N4o=">AAACDnicbZDLSgMxFIYzXmu9VV26CZaCi1JmRNBlwY3LCvYCnVoy6WkbmskMyZlCGeYJ3Pgqblwo4ta1O9/G9LLQ1h8CX/5zDsn5g1gKg6777aytb2xubed28rt7+weHhaPjhokSzaHOIxnpVsAMSKGgjgIltGINLAwkNIPRzbTeHIM2IlL3OImhE7KBEn3BGVqrWyj5Y+DpOHtIU1+Hfpn2IixndJR1p3eqAYViWbdQdCvuTHQVvAUUyUK1buHL70U8CUEhl8yYtufG2EmZRsElZHk/MRAzPmIDaFtULATTSWfrZLRknR7tR9oehXTm/p5IWWjMJAxsZ8hwaJZrU/O/WjvB/nUnFSpOEBSfP9RPJMWITrOhPaGBo5xYYFwL+1fKh0wzjjbBvA3BW155FRoXFc/y3WWxWl7EkSOn5IycE49ckSq5JTVSJ5w8kmfySt6cJ+fFeXc+5q1rzmLmhPyR8/kDu/yccw==</latexit>

~v dot,k
world

<latexit sha1_base64="um3+xHcU9ONdvAmugP8ZFtCWx5k=">AAACDXicbZC7TsMwFIadcivlFmBksShIDFWVICQYK7EwFolepCZEjuO0Vp04sp2iKsoLsPAqLAwgxMrOxtvgtBmg5Zcsff7PObLP7yeMSmVZ30ZlZXVtfaO6Wdva3tndM/cPupKnApMO5oyLvo8kYTQmHUUVI/1EEBT5jPT88XVR702IkJTHd2qaEDdCw5iGFCOlLc88cSYEZ5P8PsscETkNGHDVyOE494o7fOCCBbln1q2mNRNcBruEOijV9swvJ+A4jUisMENSDmwrUW6GhKKYkbzmpJIkCI/RkAw0xigi0s1m2+TwVDsBDLnQJ1Zw5v6eyFAk5TTydWeE1Egu1grzv9ogVeGVm9E4SRWJ8fyhMGVQcVhEAwMqCFZsqgFhQfVfIR4hgbDSAdZ0CPbiysvQPW/amm8v6q1GGUcVHIFjcAZscAla4Aa0QQdg8AiewSt4M56MF+Pd+Ji3Voxy5hD8kfH5A/8AnA4=</latexit><latexit sha1_base64="um3+xHcU9ONdvAmugP8ZFtCWx5k=">AAACDXicbZC7TsMwFIadcivlFmBksShIDFWVICQYK7EwFolepCZEjuO0Vp04sp2iKsoLsPAqLAwgxMrOxtvgtBmg5Zcsff7PObLP7yeMSmVZ30ZlZXVtfaO6Wdva3tndM/cPupKnApMO5oyLvo8kYTQmHUUVI/1EEBT5jPT88XVR702IkJTHd2qaEDdCw5iGFCOlLc88cSYEZ5P8PsscETkNGHDVyOE494o7fOCCBbln1q2mNRNcBruEOijV9swvJ+A4jUisMENSDmwrUW6GhKKYkbzmpJIkCI/RkAw0xigi0s1m2+TwVDsBDLnQJ1Zw5v6eyFAk5TTydWeE1Egu1grzv9ogVeGVm9E4SRWJ8fyhMGVQcVhEAwMqCFZsqgFhQfVfIR4hgbDSAdZ0CPbiysvQPW/amm8v6q1GGUcVHIFjcAZscAla4Aa0QQdg8AiewSt4M56MF+Pd+Ji3Voxy5hD8kfH5A/8AnA4=</latexit><latexit sha1_base64="um3+xHcU9ONdvAmugP8ZFtCWx5k=">AAACDXicbZC7TsMwFIadcivlFmBksShIDFWVICQYK7EwFolepCZEjuO0Vp04sp2iKsoLsPAqLAwgxMrOxtvgtBmg5Zcsff7PObLP7yeMSmVZ30ZlZXVtfaO6Wdva3tndM/cPupKnApMO5oyLvo8kYTQmHUUVI/1EEBT5jPT88XVR702IkJTHd2qaEDdCw5iGFCOlLc88cSYEZ5P8PsscETkNGHDVyOE494o7fOCCBbln1q2mNRNcBruEOijV9swvJ+A4jUisMENSDmwrUW6GhKKYkbzmpJIkCI/RkAw0xigi0s1m2+TwVDsBDLnQJ1Zw5v6eyFAk5TTydWeE1Egu1grzv9ogVeGVm9E4SRWJ8fyhMGVQcVhEAwMqCFZsqgFhQfVfIR4hgbDSAdZ0CPbiysvQPW/amm8v6q1GGUcVHIFjcAZscAla4Aa0QQdg8AiewSt4M56MF+Pd+Ji3Voxy5hD8kfH5A/8AnA4=</latexit><latexit sha1_base64="um3+xHcU9ONdvAmugP8ZFtCWx5k=">AAACDXicbZC7TsMwFIadcivlFmBksShIDFWVICQYK7EwFolepCZEjuO0Vp04sp2iKsoLsPAqLAwgxMrOxtvgtBmg5Zcsff7PObLP7yeMSmVZ30ZlZXVtfaO6Wdva3tndM/cPupKnApMO5oyLvo8kYTQmHUUVI/1EEBT5jPT88XVR702IkJTHd2qaEDdCw5iGFCOlLc88cSYEZ5P8PsscETkNGHDVyOE494o7fOCCBbln1q2mNRNcBruEOijV9swvJ+A4jUisMENSDmwrUW6GhKKYkbzmpJIkCI/RkAw0xigi0s1m2+TwVDsBDLnQJ1Zw5v6eyFAk5TTydWeE1Egu1grzv9ogVeGVm9E4SRWJ8fyhMGVQcVhEAwMqCFZsqgFhQfVfIR4hgbDSAdZ0CPbiysvQPW/amm8v6q1GGUcVHIFjcAZscAla4Aa0QQdg8AiewSt4M56MF+Pd+Ji3Voxy5hD8kfH5A/8AnA4=</latexit>

~v supergroup,m
relative

<latexit sha1_base64="rqeSKTyPEf1vCwibsUyE5LGBz3U=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3LisYB/QGUsmvdOGJpkhyRTKMH/hxl9x40IRt7rzb0wfC209EDiccy4394QJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAORzdTvz0GpVks780kgUCQgWQRo8RYqVeu+WOg2Th/yDJfCb+KdZqAGqg4Tao5FnlvKmMF3ObHkPfKFbfmzoBXibcgFbRAo1f+8vsxTQVIQznRuuu5iQkyogyjHPKSn2pICB2RAXQtlUSADrLZXTk+s0ofR7GyTxo8U39PZERoPRGhTQpihnrZm4r/ed3URNdBxmSSGpB0vihKOTYxnpaE+0wBNXxiCaGK2b9iOiSKUGOrLNkSvOWTV0nrouZZfndZqVcXdRTRCTpF58hDV6iOblEDNRFFj+gZvaI358l5cd6dj3m04CxmjtEfOJ8/nQygvQ==</latexit><latexit sha1_base64="rqeSKTyPEf1vCwibsUyE5LGBz3U=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3LisYB/QGUsmvdOGJpkhyRTKMH/hxl9x40IRt7rzb0wfC209EDiccy4394QJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAORzdTvz0GpVks780kgUCQgWQRo8RYqVeu+WOg2Th/yDJfCb+KdZqAGqg4Tao5FnlvKmMF3ObHkPfKFbfmzoBXibcgFbRAo1f+8vsxTQVIQznRuuu5iQkyogyjHPKSn2pICB2RAXQtlUSADrLZXTk+s0ofR7GyTxo8U39PZERoPRGhTQpihnrZm4r/ed3URNdBxmSSGpB0vihKOTYxnpaE+0wBNXxiCaGK2b9iOiSKUGOrLNkSvOWTV0nrouZZfndZqVcXdRTRCTpF58hDV6iOblEDNRFFj+gZvaI358l5cd6dj3m04CxmjtEfOJ8/nQygvQ==</latexit><latexit sha1_base64="rqeSKTyPEf1vCwibsUyE5LGBz3U=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3LisYB/QGUsmvdOGJpkhyRTKMH/hxl9x40IRt7rzb0wfC209EDiccy4394QJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAORzdTvz0GpVks780kgUCQgWQRo8RYqVeu+WOg2Th/yDJfCb+KdZqAGqg4Tao5FnlvKmMF3ObHkPfKFbfmzoBXibcgFbRAo1f+8vsxTQVIQznRuuu5iQkyogyjHPKSn2pICB2RAXQtlUSADrLZXTk+s0ofR7GyTxo8U39PZERoPRGhTQpihnrZm4r/ed3URNdBxmSSGpB0vihKOTYxnpaE+0wBNXxiCaGK2b9iOiSKUGOrLNkSvOWTV0nrouZZfndZqVcXdRTRCTpF58hDV6iOblEDNRFFj+gZvaI358l5cd6dj3m04CxmjtEfOJ8/nQygvQ==</latexit><latexit sha1_base64="rqeSKTyPEf1vCwibsUyE5LGBz3U=">AAACF3icbVDLSgMxFM3UV62vqks3wSK4KGVGBF0W3LisYB/QGUsmvdOGJpkhyRTKMH/hxl9x40IRt7rzb0wfC209EDiccy4394QJZ9q47rdTWFvf2Nwqbpd2dvf2D8qHRy0dp4pCk8Y8Vp2QaOBMQtMww6GTKCAi5NAORzdTvz0GpVks780kgUCQgWQRo8RYqVeu+WOg2Th/yDJfCb+KdZqAGqg4Tao5FnlvKmMF3ObHkPfKFbfmzoBXibcgFbRAo1f+8vsxTQVIQznRuuu5iQkyogyjHPKSn2pICB2RAXQtlUSADrLZXTk+s0ofR7GyTxo8U39PZERoPRGhTQpihnrZm4r/ed3URNdBxmSSGpB0vihKOTYxnpaE+0wBNXxiCaGK2b9iOiSKUGOrLNkSvOWTV0nrouZZfndZqVcXdRTRCTpF58hDV6iOblEDNRFFj+gZvaI358l5cd6dj3m04CxmjtEfOJ8/nQygvQ==</latexit>

~ovestibular<latexit sha1_base64="4ime+Zm5VaMCbwmOrrq8JsyWgvw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaL4EJKIoIuC25cVrAXaEKYTE/aoZNJmJkUSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz5w5QzpR3n21pZXVvf2KxsVbd3dvf27YPDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHt9N6ZwxSsUQ86EkKfkwGgkWMEm2swD72xkDzpAhyT8Z4DEqzMONEFoFdc+rOTHgZ3BJqqFQzsL+8fkKzGISmnCjVc51U+zmRmlEORdXLFKSEjsgAegYFiUH5+eyCAp8Zp4+jRJonNJ65vydyEis1iUPTGRM9VIu1qflfrZfp6MbPmUgzDYLOF0UZxzrB0zhwn0mgmk8MECqZ+SumQyIJ1Sa0qgnBXTx5GdqXddfw/VWtcVHGUUEn6BSdIxddowa6Q03UQhQ9omf0it6sJ+vFerc+5q0rVjlzhP7I+vwBfaGXeQ==</latexit><latexit sha1_base64="4ime+Zm5VaMCbwmOrrq8JsyWgvw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaL4EJKIoIuC25cVrAXaEKYTE/aoZNJmJkUSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz5w5QzpR3n21pZXVvf2KxsVbd3dvf27YPDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHt9N6ZwxSsUQ86EkKfkwGgkWMEm2swD72xkDzpAhyT8Z4DEqzMONEFoFdc+rOTHgZ3BJqqFQzsL+8fkKzGISmnCjVc51U+zmRmlEORdXLFKSEjsgAegYFiUH5+eyCAp8Zp4+jRJonNJ65vydyEis1iUPTGRM9VIu1qflfrZfp6MbPmUgzDYLOF0UZxzrB0zhwn0mgmk8MECqZ+SumQyIJ1Sa0qgnBXTx5GdqXddfw/VWtcVHGUUEn6BSdIxddowa6Q03UQhQ9omf0it6sJ+vFerc+5q0rVjlzhP7I+vwBfaGXeQ==</latexit><latexit sha1_base64="4ime+Zm5VaMCbwmOrrq8JsyWgvw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaL4EJKIoIuC25cVrAXaEKYTE/aoZNJmJkUSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz5w5QzpR3n21pZXVvf2KxsVbd3dvf27YPDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHt9N6ZwxSsUQ86EkKfkwGgkWMEm2swD72xkDzpAhyT8Z4DEqzMONEFoFdc+rOTHgZ3BJqqFQzsL+8fkKzGISmnCjVc51U+zmRmlEORdXLFKSEjsgAegYFiUH5+eyCAp8Zp4+jRJonNJ65vydyEis1iUPTGRM9VIu1qflfrZfp6MbPmUgzDYLOF0UZxzrB0zhwn0mgmk8MECqZ+SumQyIJ1Sa0qgnBXTx5GdqXddfw/VWtcVHGUUEn6BSdIxddowa6Q03UQhQ9omf0it6sJ+vFerc+5q0rVjlzhP7I+vwBfaGXeQ==</latexit><latexit sha1_base64="4ime+Zm5VaMCbwmOrrq8JsyWgvw=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgaL4EJKIoIuC25cVrAXaEKYTE/aoZNJmJkUSogbX8WNC0Xc+hbufBunbRba+sPAx3/O4cz5w5QzpR3n21pZXVvf2KxsVbd3dvf27YPDtkoySaFFE57IbkgUcCagpZnm0E0lkDjk0AlHt9N6ZwxSsUQ86EkKfkwGgkWMEm2swD72xkDzpAhyT8Z4DEqzMONEFoFdc+rOTHgZ3BJqqFQzsL+8fkKzGISmnCjVc51U+zmRmlEORdXLFKSEjsgAegYFiUH5+eyCAp8Zp4+jRJonNJ65vydyEis1iUPTGRM9VIu1qflfrZfp6MbPmUgzDYLOF0UZxzrB0zhwn0mgmk8MECqZ+SumQyIJ1Sa0qgnBXTx5GdqXddfw/VWtcVHGUUEn6BSdIxddowa6Q03UQhQ9omf0it6sJ+vFerc+5q0rVjlzhP7I+vwBfaGXeQ==</latexit>

C

Figure 1: Central motif of our generative model for motion per-
ception: (A) Generative model for object velocity as the sum
of the group velocity the object belongs to and the velocity
of the object relative to the group. Perceived object velocity
is modeled as the lowest inferred non-zero shaded variable.
(B) Mixture prior consisting of a delta and a Gaussian. In-
ference using such a prior leads to grouping and causal in-
ference which have been observed in motion perception. (C)
Complete hierarchical generative model including self-motion.

Hierarchical Motion Perception
In this section, we study how our perception of object velocity
is affected by the presence of other objects leading to it being
grouped together with them. We adapt the generative model
described in the previous section to predict behavior.

Task Description: The schematic for the task is shown in
Figure 2A (top). The subject fixates at the center, observes
the object (red dot) move at a particular angle, θ with respect
to the horizontal (Figure 2A, bottom) and reports the perceived
direction of movement with a dial. The red dot is surrounded

by N group
dots green dots which move horizontally concurrently

with the red dot (N group
dots is chosen as 1,2,3,5 or 10). All dots

move back and forth once before moving in the direction which
the subject has to report (indicated by change in colour of the
fixation dot). The trials with different N group

dots are interleaved
with conditions where the grouping dots are stationary. The
speed of the group dots are chosen such that they match the
x component of the red dot velocity (Figure 2A, bottom).

Model Description: We model the subject’s perception as
inference in the generative model shown in Figure 2B with
the coloured boxes indicating the possible candidates for per-
ceived variables. The subject observe the velocity of all the
dots (~o) which are modeled as the true dot velocity (~ε) cor-
rupted by external (eg: screen resolution) and internal noise
(eg: photoreceptor noise). All velocities are represented by
their x and y components. The inferred velocity of each dot is
modeled using the motif in terms of the velocity of a group and
its velocity relative to the group. While the model captures the
grouping due to common velocity components, objects can be
part of different groups despite having a common velocity (e.g.
a bird flying in front of a moving train). Thus, the subject also
infers if different objects belong to a group before they can
split the velocity as per the motif. Here, we model this causal
inference by inference over ~Cobject

group which indicates if the object
is part of the group or not.

Predictions: We predict the distribution of subject re-
sponses over different trials from the model. When the num-
ber of moving green objects is 0 (stationary green dots), we
predict that the subject perceives the veridical value (Top left
panel). With concurrently moving green dots, we predict three
modes for the subject percepts: (a) Veridical value of object
velocity (identity line) if the subject does not infer the object
and green dots to be part of the same group (b) group ve-
locity (0 degrees) if the subject infers that the object moves
as part of the group (c) relative velocity to the group (90 de-
grees since horizontal velocities are matched). The mode at
zero (signature of causal inference) indicate a pull towards the
group velocity which is not predicted by traditional vector sub-
traction models.

Results: Model predicted distributions are indicated using
the red violin plot and the responses of an example subject
is indicated by the blue dots in Figure 2C. The predicted dis-
tributions by the model largely agree with our earlier predic-
tions. The model predicts more reports of relative velocity
direction as the angle between the patch and the group in-
creases. For small angles, the model predicts the mode at
zero which strengthens with number of dots (higher chance of
grouping with more group dots). The responses of the exam-
ple subject qualitatively match the model predictions.

Object Motion Perception under Self Motion

In this section, we study at how our perception of object veloc-
ity is affected due to perceived self motion and adapt the motif
described in the previous section to model subject behavior.
Task Description: The schematic for the task is shown in Fig-
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ure 3A (top). The subject fixates at the centre and observes
the object (green dot) move at a particular angle, θ to the hori-
zontal on the retina (Figure 2A, bottom) and reports the direc-
tion of perceived direction of the object with a dial. The back-
ground consist of red dots which whose velocity simulates an
optic flow indicate of self motion either towards or away from
the screen. The number of dots is interleaved across trials in
a session and is chosen as 1,10,100 or 1000. The self motion
velocity is chosen in such a way that the optic flow vector at
the object location matches the horizontal component of the
object’s retinal velocity. (Figure 3B)
Model Description: We model the subject’s motion percep-
tion in the task as inference in the generative model in Figure
3C. The notation is similar to the model in the previous sec-
tion with ~o indicating the observed velocity, ~ε indicating the
true velocity and~v indicating the inferred velocity. The subject
infers their self motion velocity from their vestibular observa-
tions and the optic flow motion (visual) modeled using causal
inference. The velocity of all dots on the retina is inferred as
a sum of the dot’s velocity in the world and the velocity due to
the subject’s self motion. This is calculated as the velocity of
dot on the retina if it has been stationary in the world (denoted
by~vstationary which depends on the subject’s self motion and
the position of the object in the world.
Predictions: The model predicts that subject’s infers their
self motion from the observed dot velocities. Since there is
a mixture prior (Figure 1B) over the perceived self motion,
the model predicts that the subject’s percept of self motion
increases with the number of dots. This happens as more
dots moving with a velocity consistent with self motion have a
higher likelihood of being ‘actually’ stationary in the world and
a moving subject. The inferred self motion determines the
predicted velocity of a stationary object in the world which is
subtracted from the observed retinal velocity to determine the
object’s velocity in the world (Perceiving which can be mod-
eled as “flow parsing”). The magnitude of flow parsing can be
computed using the flow parsing gain which is ≤ 1 where 1
indicates complete flow parsing (percept of 90 degrees in the
task). Hence we can use the flow parsing gain as an indicator
of the increase in the inferred self motion by the subject.

Results: The subject reports of the perceived angle of the
moving object is given in Figure 3E. The subject reports are bi-
ased due to the optic flow dots consistent with the model pre-
dictions. Since the model predicts increase of the flow parsing
gain (linked to self motion percept) with the number of dots,
we compute the gain for the example subject (Figure 3D). The
flow parsing gain increases with the number of dots for both
forward and backward motion as predicted by the model.
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Figure 2: Hierarchical Motion Perception: (A) Task
schematic. Subject has to report the perceived velocity di-
rection of the red dot. The red dot is surrounded with varying
number of green dots which move horizontally concurrently
(B) Generative model hypothesized for modeling subject’s
perception. The model uses the motif described in Figure 1
to group different dots based on their velocity similarity (C)
Model predictions for the distribution of subject responses in
the task (red violin plot) and the responses of an example
subject (Blue dots) on the task
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Figure 3: Object Motion Perception under Self Motion: (A) Task Schematic. Subject reports the perceived velocity direction of the
green dot. Varying number of red dots constitute an optic flow inducing self motion either towards or away from the screen. (B)
Velocities are chosen such that the optic flow vector at the object location matches the horizontal component of object velocity.
Complete flow parsing in this experiment predicts a vertical percept. (C) Generative model hypothesized for modeling subject
perception. The subject’s inferred self motion affects the percept of the dot velocities. (D) Flow Parsing Gain: defined as the
magnitude of self motion vector used in the inference of the object’s velocity in the world. The gain increases with number of
dots as predicted by the model. (E) Subject responses for different retinal velocity directions. The responses are biased by the
optic flow dots (Flow parsing)
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